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ON THE LINK INVARIANTS FROM THE YOKONUMA-HECKE ALGEBRAS 


S. CHMUTOV, S. JABLANt, K. KARVOUNIS, AND S. LAMBROPOULOU 


Abstract. In this paper we study properties of the Markov trace tr^j and the specialized trace 
trd,_D on the Yokonuma-Hecke algebras, such as behaviour under inversion of a word, connected 
sums and mirror imaging. We then define invariants for framed, classical and singular links through 
the trace trd,D and also invariants for transverse links through the trace tr^. In order to compare 
the invariants for classical links with the Homflypt polynomial we develop computer programs and 
we evaluate them on several Homflypt-equivalent pairs of knots and links. Our computations lead 
to the result that these invariants are topologically equivalent to the Homflypt polynomial on knots. 
However, they do not demonstrate the same behaviour on links. 


Introduction 

In his pioneering work [Jo], V.F.R. Jones constructed the Homflypt polynomial P{q, z), an isotopy 
invariant of classical knots and links, using the Iwahori-Hecke algebras H„(g), the Ocneanu trace 
T and the natural surjection of the classical braid groups Bn onto the algebras H„(g). In [JuLa2] 
the Yokonuma-Hecke algebras have been used for constructing framed knot and link invariants 
following the method of Jones. 

The Yokonuma-Hecke algebra Yd^nio) is a quotient of the framed braid group J-n over a modular 
relation (Eq. 1.2) for the framing generators tj and a quadratic relation (Eq. 1.4) for the braiding 
generators gi, which involves certain idempotents e* (Eq. 1.3). We note that for d = 1 the algebra 
Yi,n(d) coincides with the algebra Hn((?). An appropriate inductive basis for Yd^niq) and a Markov 
trace tr^ constructed on UnYd^niq) ([Ju], see Theorem 2.1) pointed at the construction of framed 
link invariants from these algebras. The trace tr^ depends on parameter z for the Markov property 
and parameters xi,... for counting the framings. As it turned out, the trace tr^ would re¬ 

scale to also respect negative stabilization only upon imposing the E-condition, which is equivalent 
to a non-linear system of equations involving the trace parameters xi,... ,Xd-i (Eq. 2.6) [JuLa2]. 
The complete set of solutions of the E-system was given by P. Gerardin (cf. Appendix of [JuLa2]) 
and he showed that they are parametrized by the non-empty subsets of Z/dZ. Then, specializing 
the trace parameters xi,, Xd-i to a solution of the E-system (xi,..., X(i_i) parametrized by the 
the subset D of Z/dZ, we obtain the specialized trace tr^ ^) [ChLa]. Consequently, J. Juyumaya 
and S. Lambropoulou defined 2-variable invariants for framed knots and links [JuLa2]. Further, 
since the classical braid group Bn embeds in the framed braid group Bn, classical links can be 
viewed as framed links with all framings zero. Thus, through the construction above we also obtain 
invariants for classical links [JuLaSj. Further, via an appropriate homomorphism from the singular 
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braid monoid to the Yokonuma-Hecke algebras, one can also define invariants for singular knots 
and links [JuLa4]. 

In this paper we adapt the constructions in [JuLa2, JuLa3, JuLa4] for dehning invariants for 
framed, classical and singular knots and links respectively, which are denoted by ^d,D, &d,D and 
'^d,D respectively, using a different quadratic relation for the Yokonuma-Hecke algebra [ChPo]. 
Moreover, we construct invariants for transverse knots and links, for which no use of the E- 
condition is needed. Indeed, as we observe, the braid equivalence in the class of transverse knots 
and links requires only positive stabilization [OrSh, Wr], making the algebras Yd,n{Q) a natural 
algebraic companion. This leads to the construction of a (d + l)-variable transverse link invariant, 
Md{q, z,xi, ..., Xd-i), via the algebras Yd,n{Q) and the trace tr^ (see Theorem 4.14). 

We focus now on the class of classical knots and links. The invariants of classical knots and 
links defined via the Yokonuma-Hecke algebras need to be compared with other known invariants, 
especially with the Homflypt polynomial P{q,z). The first result in this direction was obtained 
in [ChLa] where it was shown that these invariants coincide with the polynomial P{q, z) only 
when we are in the group algebra {q = ±1) or when trd{ei) = 1, which is equivalent to the 
solution of the E-system comprising the d-th roots of unity. Eurther, it was shown in [ChLa] 
that there is no algebra homomorphism between the Yokonuma-Hecke algebra and the Iwahori- 
Hecke algebras which respects the trace rules, except when trd{ei) = 1. Moreover, it is very 
difficult to make a comparison of the invariants diagrammatically, since the skein relation of the 
framed link invariants [JuLa2, Proposition 7] has no topological meaning (see Figure 1) for the 
classical link invariants [JuLa3]. Yet, the classical link invariants may be topologically equivalent 
with the polynomial P, in the sense that they do not distinguish more or less knot and link 
pairs. Computations were now required, but their complexity would increase drastically due to 
the appearance of the e^’s in the quadratic relation. Consequently, K. Karvounis and M. Chmutov 
developed independently computational packages, which were cross-checked. The invariants &d,D 
were computed on several pairs of distinct knots sharing the same Homflypt polynomial, for small 
values of d. These computations indicated that these invariants also do not distinguish those pairs 
of knots. They also led S. Jablan and K. Karvounis to formulate conjectures about the comparison 
of the invariants Qd,D and the Homflypt polynomial on knots and also on their behaviour under 
mirror imaging (see Proposition 4.8). Namely, the following Conjecture, which is now a Theorem 
proved in the sequel paper [ChlJuKaLa] and which comprises our main result in this paper, provides 
a direct derivation of the polynomial P from the invariants Qd,D for the case of knots: 

Theorem 1 (Comparison with the Homflypt polynomial). Given a solution Xd of the P-system, 
for any braid a £ such that a is a knot, we have that: 

Qd,D{a){q,z) = ei^^Q}{a){q,dz) = P{a){q,dz) 
or equivalently with a change of variables: 

Qd,Dia){q, Xd) = Qi,{o}{a){q,XD)- 

Surprisingly, Theorem 1 does not hold for links, as we demonstrate in §7.3. In §7 and in the 
Appendix we present lists of links and of knots respectively, sharing the same Homflypt polynomial. 
These were obtained via the program LinKnot [JaSa], which we used for formulating our Conjecture. 

The paper is organized as follows. In §1 we recall the definition and basic relations in the 
Yokonuma-Hecke algebras Yd,niq)- We use the new quadratic relation [ChPo], which is more 
economical with respect to computations, and we adjust all equations needed. In §2 we recall the 
Ocneanu trace r on the algebras H„(( 7 ), and also the trace tr^ and the specialized trace tr^^^i on the 
algebras Y^ ,i(g). The passage from tr^ to tr^ £> is via the E-system, which is also presented. In §3 we 
prove some important properties of the traces, which are known for the trace r. Namely, invariance 
under inversion of a braid word (satisfied by tr^, hence also by tid,D and r), multiplicativity under 
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the connected sum operation of iid^D (hence also of r but not of tr(i), behaviour on split links of tr^ 
(hence also of txd,D and r), and the mirroring effect of under the mirror imaging of a braid 
word (hence also of r but not of tr^). We continue with §4 where we present the invariants from 
the Yokonuma-Hecke algebras for different classes of knots and links: framed, classical, singular 
and transverse, and where the formuli are adapted to the new quadratic relation. In §4.4 we give 
the construction of the transverse link invariant M^. For each invariant we discuss which trace 
properties it inherits. In §5 we present our computational algorithm. In §6, computations on 
well-known families of transverse knots led to the observation that the invariants do not give 
something new. Finally, in §7, we present the computational data which culminate to Theorem 1 
and we discuss the behaviour of the invariants Qd,D on links. 

In a further development, for the case of classical knots and links J. Juyumaya has conjectured 
that the trace t^d^n can be evaluated only by rules involving the generators Qi and the elements 
Cj, thus treating the elements e* as formal elements. This fact is proved in the sequel paper 
[ChlJuKaLa]. Consequently, a computer program has been developed using this result for speeding 
up the calculations ([Ka], see also http://www.math.ntua.gr/~sofia/yokonuma). In [ChlJuKaLa] 
we also prove Theorem 1 and we provide a concrete formula for relating the invariants Qd,D on links 
with the Homflypt polynomial. Further, we show that the invariants Qd,D distinguish six pairs of 
Homflypt-equivalent links (one of them is the fourth pair in Table 1). 

We would like to thank the Referee for some useful comments. Also, the last two authors 
acknowledge with pleasure discussions with Maria Chlouveraki. 

Finally, we would like to mention that the involvement of Slavik Jablan has been crucial in 
the advancement of the comparison of the invariants Qd,D with the Homflypt polynomial. More 
precisely, the results in [ChlJuKaLa] are based on Theorem 1, which would not have been formulated 
without the contribution of Slavik Jablan. 

1. The Yokonuma-Hecke algebra 

In this section we recall the definition of the Yokonuma-Hecke algebra as a quotient of the framed 
braid group. 

1.1. The framed braid group and the modular framed braid group. The framed braid 
group, Fn = Z” xi is the group dehned by the standard generators ui,..., an-i of the classical 
braid group Bn together with the framing generators {tj indicates framing 1 on the yth 

strand), subject to the relations: 


(bi) 



for \i — j] = 1 

(b2) 

(Tidj 

— djCTi 

for \i — j] > 1 

(fi) 

titj 

— tj ti 

for all i,j 

(f2) 

tjCTf 


for all i,j 


where Si{j) is the effect of the transposition Sj := {i,i + 1) on j. Relations (bi) and (b 2 ) are the 
usual braid relations, while relations (fi) and (f 2 ) involve the framing generators. Further, for a 
natural number d the modular framed braid group, denoted Fd,n, can be dehned as the group with 
the presentation of the framed braid group, but including also the modular relations: 

(1.2) (m) tj = 1 for all j 

Hence, Fd,n — {hjd’LY' ^ ^n- Geometrically, the elements of Fn (respectively Fd,n) are classical 
braids on n strands with an integer (respectively an integer modulo d), the framing, attached to 
each strand. Further, due to relations (fi) and (f 2 ), every framed braid a in Fd^n can be written in 
its split form as a = t^^ ... t^cr, where ki,..., kn-i G Z and a involves only the standard generators 
of Bn- The same holds also for the modular framed braid group. 
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For a fixed d we define the following elements e* in the group algebra CJ^d,n- 
(1.3) ^^-=1 

where —s is considered modulo d. One can easily check that Cj is an idempotent: ef = e* and that 
ejCTj = aiCi for all i. 


1.2. The Yokonuma—Hecke algebra. Let d G N and let q G C\{0} fixed. The Yokonuma- 
Hecke algebra q, denoted Yd,niQ), is defined as the quotient of CTd,n by factoring through the ideal 
generated by the expressions: af — 1 — {q — q~^)eiai for 1 ^ i ^ n — 1. We shall denote gi the 
element in the algebra Yd^nid) corresponding to Uj while we keep the same notation for tj in the 
algebra Yd^nid)- So, in Yd^nio) we have the following quadratic relations: 


(1.4) 9i ='^ + {q-q ^)eigi (l^i^n-l). 
The elements gi G Yd,nig) are invertible: 

(1.5) = 9i - {q - q~^) ei (l^i^n-l). 
Further the elements gi G Yd,nig) satisfy the following relations: 

Lemma 1.6. Let i G {1, ... ,n— 1}. Then: 

'q'^ + g- 


gl = (1 - ei)gi + 
gl = l-ei + 


V 

g -g 


g + g 

—r 


-1 


+ 


qr-l _ ^-r+1 


g + g 


-1 


Gigi + 


g + g 


qr-l ^ ^-r+l 


-1 


g + g 


-1 


e,; 


for r odd, 
for r even. 


Proof. First we prove for r > 0 with induction on r. For r = 1, the statement is clearly true. For 
r = 2: 


5* = 1 - e* + 


q^ - q 

g + g-^ 


&igi + 


g + g 


-1 


g + q- 


— \ei = l-ei + [q-q eiQi + ei = l+{q-q eigi. 


Suppose the statement is true for any r G N up to 2A: — 1. Then for r = 2k, we have that: 


gf ^gi = (1 - eO gf + 


2k-l _j_ -2fc+l \ 




g + g ^ 

= (1 - Cj) + {g- q~^){l - ei) eigf + 

.,-2fc+l 


+ 


q2k-2 _ q-2k+2 


g + g 


-1 


(^igi 


q2k-l _|_ ^-2fc+l 


+ 


q2k 1 _|_ 


g + q 


-1 


{g-g ^)eigi + 


g + g- 

q2k-2 _ q-2k+2\ 

j gi 


g + g 


-1 


= {l-ei) + {g-q ) {a - e^) g^ + 


^2/i;—1 _j_ q — 2/c+l 


g + g 


-1 


=0 


+ 


(^2fc 1 _|_ g l)_|_g,2fc 2_g 2fc+2 


g + g 


-1 


— (1 ~ Gi) + 


q^k - gr 


g + g 


-1 


Gigi + 


^2/c—1 _|_ q —2/cH-l 

g + g-^ 


Gigi 


Gi. 
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Also for r = 2A: + 1, we have that: 


9i fi-i = (1 - ei)gi + 

= (1 - ei)gi + 
= (1 - ei)gi + 
= (1 - ei)gi + 


q^k - qr 

q + q-^ 

q^k - q-2fc 
q + q-^ 


(^i9i + 


q2fc-i g-2fc+i 


Ci + 


q + q 


g2k _ q~‘^^ 


-1 


^iQi 


q + q 


-1 


{q-q ^)eigi + 


2k-l _|_ -2fc+l \ 


-1 


[q^k — q ‘ik'^{^q_q l^_j_g2fc l + q 2fc+l 


-1 


^2fc+l _j_ ^-2fc-l 


q + q 


-1 


q + q 


&igi + 


&i9i + 


q + q 

q'^k - q-2fe 

q + q-^ 


^iQi 


g2k _ q~‘^^ 

q + q-^ 


e,;. 


□ 


The algebra Yd^niq) has linear dimension n! d+ and the elements g^j, where 0 ^ 

ki,... ,kn < d and the subscript w runs over all elements of the permutation group 6„, form a 
linear basis for Yrf „(q). This basis gives rise to an inductive linear basis, as follows: Let Wn+i be a 
basis element in Y„+i(q). Then either Wn+i = rcnffnfl'n-i ■ ■ ■ gi or Wn+i = where Wn is an 

element of the basis of Yd,niq)- 

The Yokonuma-Hecke algebras were originally introduced by T. Yokonuma [Yo] in the represen¬ 
tation theory of finite Chevalley groups and they are natural generalizations of the Iwahori-Hecke 
algebras H„(q). Indeed, for d = 1 all framings are zero, so the corresponding elements of J^n are 
identified with elements in also we have e* = 1, so the quadratic relation (1.4) becomes the 
well-known quadratic relation of the algebra H„(q): 

(1.7) 9i ='^ + {q - q~^) 9i {l^i^n-1). 


Thus, the algebra Yi^„(q) coincides with the algebra H„(q). The Yokonuma-Hecke algebras can 
be also regarded as unipotent algebras in the sense of [Th]. The representation theory of these 
algebras has been studied in [Th] and [ChPo]. In [ChPo] a completely combinatorial approach is 
taken to the subject. 


Note 1.8. In this paper we will sometimes identify algebra monomials with their corresponding 
braid words. 


Remark 1.9. In the papers [JuLal, JuLa2, JuLaS, JuLa4, JuLa5], the algebra Yd^niq) is defined 
with parameter u and yd,n{u) is generated by the elements gi, ■ ■ ■ ,'gn-i and ti,... ,tn, satisfying 
the relations (1.1) (where gi corresponds to ai) and the quadratic relations: 

gf = 1 + {u-l)ei + (u-l) eigi (1 < i < n - 1). 

The new presentation of Yd,n{q) used in this paper was obtained in [ChPo] by taking u := (f‘ and 
9i '■= 9i + {q~^ - 1) eigi or, equivalently, gi= gi + {q- 1) eigi. 


2. Markov traces on the Yokonuma-Hecke algebras 

In this section we recall the definition of a unique Markov trace defined on the algebras Yd,n{q), as 
well as a necessary condition on the trace parameters, needed for obtaining framed link invariants. 

2.1. The Juyumaya trace. By the natural inclusions Bn C Bn+i, which induce the inclusions 
d,n{q) + Yrf^„_|_i(q), and using the inductive bases of the algebras Y^^niq) we have: 

Theorem 2.1 ([Ju]). For z, xi,... ,Xd-i indeterminates over C there exists a unique linear map 

trrf : y Yd,n{q) —^ C[z, xi,..., Xd_i] 

n>0 
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satisfying the rules: 


(1) 

tidiald) 

= tidi/da) 

(2) 

trd(l) 

= 1 

(3) 

tvdiagn) 

= ztidioi) 

(4) 

tTd{atf^+i) 

= Xstidia, 


a,P e Yd,n{q) 

1 £ Yd^n(g) 

« £ Yd,n{q) {Markov property) 

OL G Yd,n{q) (1 ^ s ^ d - 1). 


Note that for d = 1 the trace restricts to the first three rules and it coincides with the Ocneanu 
trace on the Iwahori-Hecke algebras. 


Note 2.2. In this paper we will sometimes write trrf(a) for a framed braid a G J-n-, by using the 
natural epimorphism of J-n onto Yd^n- 

2.2. The E—system. Using the natural epimorphism of the framed braid group J-n onto Yrf „(g), 
the trace tr^ and the Markov framed braid equivalence, comprising conjugation in the groups J-n 
and positive and negative stabilization and destabilization (see for example [KoSm]), in [JuLa2] the 
authors tried to obtain a topological invariant for framed links after the method of V.F.R. Jones 
[Jo] (using for the algebra the presentation discussed in Remark 1.9). This meant that tr^^ would 
have to be normalized, so that the closed braids a and oaf (a G be assigned the same value of 

the invariant, and re-scaled, so that the closed braids and adn (a G Fn) be also assigned the 

same value of the invariant. However, as it turned out, trd{ag~^) does not factor through trrf(a), 
that is: 

(1 5) 

(2.3) tidiaOn^) = i^d{a9n) -{q- q~^) trd(ae„) / trrf(5"^)trd(a). 

The reason is that, although ivd{agn) = zticdia), yet trrf(ae„) does not factor through trd(a), that 
is: 


(2.4) tidiaen) / tid{en)tTd{a), 
which is due to the fact that: 

(2.5) trd{at^) ^ trd{t^)trd{a) k = l,...,d-l. 

Forcing 

tvdiaen) = trd{en)trd{a) 

yields that the trace parameters xi,... ,Xd-i have to satisfy the E-system, the non-linear system 
of equations in C: 

( 2 . 6 ) 

where 

E := ^ X] = trrf(ei) and ^ X] 


= XmE {l^mifd-l) 


d-l 


d-1 


s=0 


d 


^m+s^d—s 5 


s=0 


where the sub-indices on the x/s are regarded modulo d and xq := 1 (see [JuLa2]). As it was shown 
by P. Gerardin (in the Appendix of [JuLa2]), the solutions of the E-system are parametrized by 
the non-empty subsets of Z/dZ. For example, for every singleton subset {m} of Z/dZ, we have a 
solution of the E-system given by: 


xi = exp(27rm\/—1/rf) and x^ = x^ for fc = 2,..., d — 1. 


(2.7) 
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2.3. The specialized trace. Let Xq := (xi,..., Xrf_i) be a solution of the E-system parametrized 
by the non-empty subset D of Z/dZ. We shall call specialized trace the trace tr^ with the parameters 
xi,... ,Xd-i specialized to xi,...,Xrf_i G C, and it shall be denoted (cf- [ChLa]). More 

precisely, 

trd,D : UnYd,n(d) —^ C[z] 

is a Markov trace on the Yokonuma-Hecke algebra, satisfying the following rules: 


(1) trrf^£,(a/3) 

( 2 ) 

(3) trd,D{agn) 
(4') tld,D{at^n+l) 


trd,D{/3a) a,/3£Yd,n{q) 

1 1 £ ^d,n{q) 

ztrd,D{a) a&Yd,niq) (Markov property) 

Xstrrf^D(a) a£Yd,n{q) (l^s^d-1). 


The rules (l)-(3) are the same as in Theorem 2.1, while rule (4) is replaced by the rule (4'). As it 
turns out [JuLa3]: 

Ed ■= tid^oiei) = 1 ^, 

where |Z1| is the cardinal of the subset D. Note that tr^ {g} coincides with tri which in turn coincides 
with the Ocneanu trace r. 


3. Properties of the Markov traces 

We shall now give some properties of the traces tr^i and t^d^D, analogous to known properties 
of the Ocneanu trace r, by considering their behaviour under the operations below. Clearly, a 
property satisfied by tr^ is also satisfied by tr:d,D (and by r), but the converse may not hold. 

3.1. Inversion of braid words. Inversion means that a braid word is written from right to left. 
For a = ... - ^ where ki,..., kn, li,... ,lr G we denote by tr the inverted 

word, that is, tr = On the level of closed braids this operation corresponds to 

the change of orientation on all components of the resulting link. On the algebra level inversion 
is defined on any word by linear extension. We will see that the trace tr^ is invariant under this 
operation. Indeed: 

Proposition 3.1. Let a G Yd^niq)- Then trrf(a) = tr(^(V). In particular, trrf(a) = tr^Ctr) for all 
ex G J~ n . 

Proof. First, note that the linear map sending a to ^ defines a C-algebra antiautomorphism on 
Yd^niq)^ since it respects all defining relations of the Yokonuma-Hecke algebra (relations (1.1), (1-2) 
and (1.4)). Thus, we have 

(3.2) ab = for all a, 6 G Yd^niq)- 

For the proof of the proposition we proceed by induction on n. For n = 1 the statement holds 
trivially. Assume now that the statement is true for all elements in Yrf „(g). Since tr^^ is a linear 
map, it is enough to prove the statement for all elements of the inductive basis of Yd,n+i{q)- 
Let Wn G A: G Z/dZ and z G {1,... , n}. We have 

trd{Wngn9n-l ■ • • 5i) = ZtVdiWngn-l ■ ■ ■ gi) = ZtlCdi^ngn-1 ■ ■ ■ gi) 

= zild{gi . . .5n-lfe^) = trd( 5 i . ..gn-igjEfi) = iTd{^ngngn-l ■■■gi), 
where we have used rules (1) and (3) of the definition of tr^ for the first and fourth equalities, the 
induction hypothesis for the second equality and (3.2) for the third and fifth equalities, and 

tTd{Wntn+l) = Xkird{Wn) = Xkird0Ea) = iVd{tn+itTn) = ird{Wntn+l) ■, 
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where we have used rules (1) and (4) of the dehnition of tr^ for the hrst and third equalities, the 
induction hypothesis for the second equality and (3.2) for the last equality. □ 


3.2. Split links. Let L = Li U ... U Lm be a split link, where Li,... ,Lm are links. Then there 
exists a braid word a = ai ... am S Bn, where a* G Bi. \ Bi. for some 1 ^ ii < ... < ^ n 

with Zj+i — ij>l such that a = L and Oj = U Li for each i = 1,... ,m. Then the traces tr^ 

and tid,D are multiplicative, as follows: 

Proposition 3.3. Let L = a = a{777am be a split link as above. Then: 


and consequently: 


trrf(a;) = trrf(ai) • • • iid{am), 


trd,_D(Q;) = trrf^D(ai) • • • trrf^D(am)- 


Proof. The proof is immediate, since when calculating the trace tr(i(Q:i... am) we exhaust first 
the word am and so tid,Dio) = trrf(ai... am-i)t^d{oim)- Iterating this procedure, we obtain the 
result. □ 


3.3. Connected sums. Let a € Tn and /3 G Bm for some n, m G N. The connected sum of a 
and (d is the word ajfjd := in the framed braid group Bn+m-i, where is the natural 

embedding of a in Fn+m-i, while is the embedding of (d in Tn+m-i induced by the following 

shifting of the indices: <7* i—)• Un+i-i for i G {1,... ,m — 1} and tj i—)• tn+j-i for j G {!,... ,'m}. 
Upon closing the braids, this operation corresponds to taking the connected sum of the resulting 
framed links. 

It is known that the Ocneanu trace is multiplicative under the connected sum operation, that is, 
T{aiffd) = T{a) T{fd) if a G Bn and fd G Bm- On the other hand, the trace tr^ is not multiplicative 
under the connected sum operation, due to (2.5) and (2.4) (we have aift\ = atn and affei = acn). 
Yet, as we will see, the specialized trace trd,D is multiplicative on connected sums, due to the 
E-condition, but this is only true on the level of classical braids. For framed braids this is true 
only when Ejo = 1, that is, when D is singleton and hence the corresponding solution Xjo of the 
E-system is described by (2.7). Indeed, for classical braids we have: 

Proposition 3.4. Let a G Bn and fd G Bm. Then iVd,D{oiifl^) = U(i^D(<a) ti'd,D(/3)- 

Proof. By the definition of afffd, is a word containing the generators ui,... ,(Tn-i and 
is a word containing the generators an,... ,an+m- 2 - Therefore, in computing ird.D{o:ifl^) we will 
first exhaust the word Further, since the polynomial coefficients of the quadratic relation 

(1.4) do not depend on the index of the generator pi and since tvd^D factors through positive and 
negative stabilization, we have that ird^oil^) = ti'd,D(/S^”~^^)- Hence, 

= trd,D(a)trd,D(/3["“b) = ird,D{oi) tid,D{(^)■ 

□ 

Remark 3.5. Proposition 3.4 holds independently of the component we choose to connect the two 
braids. Indeed, connecting /3 to a different component of a means that we connect fd to a conjugate 
word of a. Let a be such a word. Then: 

trd,D(a#/5) = trrf,D(a^°^)trd,D(/3^”"^') = tixz)(aM) trd,£,(^[”"b) = trd,£»(o#/?). 

For framed braids we have the following: 

Proposition 3.6. Let a ^ Fn and fd G Fm- Then iid^oictif/d) = trd,D{c^)^^d,D{(3) if and only if 
xf = 1 and Xfc = yff for all k = 1,... ,d — 1. 


Proof. Let a = ti and /3 = t{ for k,l G Z/dZ. If tT[d,D{c(ifP) = trrf^£)(a )ti'd,D(/3) for all a,/?, then 
= tid,D{ti)trd,Dit[), and so Xk+i = x^x/. We deduce that xf = x^ = xq = 1 and x^ = x^ 
for all A: = 1,..., d — 1. 

Suppose now that x^ = 1 and x^ = x^ for all /c = 1,..., d — 1. In this case, as we have shown in 
[ChLa, §3.4], the map 

if : Yd,n{q) —> H„(g) 

gi I—>• Gi 

tj I—)• Xfc {1 ^ k ^ d — 1) 

is a C-algebra epimorphism, and we have 


TOip = tlCd,D- 


Let a = a, with a G Bn, and P = /3, with /3 G Bm- We have afffi = 

where =t\^ ... 5^, ^[”■-1] and = q;#/ 3 in the classical braid 

group Bn+m-i- Then 


trd,z3(a[°]/3[” ^]) 


(r o ^1) 

T(xfc,...Xfc„5Mx,,...X,^g-l]) 
Xfc,...Xfc„xz,...x;^r(5ra/3[--i]) 
Xk, . . .Xk^Xi^ . . .Xi^T{a)T{/^) 
T(xfei ...Xfe^5)T(xZi ...X;^/3) 

(rov9)(a)(rov9)(/3). 


because r has the multiplicative property on connected sums. 


□ 


3.4. Mirror images. Let us consider the group automorphism of Bn given by ai i—)• o'~^. For 
a G Bn, we denote by a* the image of a via this automorphism. We call a* the mirror image of 
a. On the level of closed braids this operation corresponds to switching all crossings. 

The following result is known as the “mirroring property” in the case of the Ocneanu trace. 
Again, due to (2.3), the trace tr^^ does not satisfy this property, but the specialized trace trd,D 
does. 

Before formulating our results, we observe that ird^D{gf^) = ^ ~ {q ~ Q~^)Ed and we introduce 
a new variable in place of z. Namely, by re-scaling cjj to y/XEgt, so that iid^nign^) = we 
find 


(3.7) 


Ad := 


z-{q-q ^)Ed 


z 

If we solve (3.7) with respect to the variable z, we obtain 


_ {q-q ^)Ed 

^ 1 - Ad ■ 

Hence, the trace tr^^ d can be considered as a polynomial in the variables {q, z) or the variables 
{q,\D) by the above change of variables. 


Proposition 3.8. Let a G Bn- Then 

^^d.oiq, z){a*) = iid,D {q~^,z - {q- q~^)ED) {a). 

or equivalently, 

tvd,D{q, AD)(a*) = trrf^D {q~^,Xf)^) (a). 

Proof. Set gi := g~^, for alH = 1,..., n — 1, and q := q~^. It is easy to chek that the algebra Yd^niq) 
is generated by the elements gi,..., gn-i,ti,... ,tn, satisfying relations (1.1) and (1.2), together 
with the quadratic relations: 
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9i = 9i'^ = '^ - {q- q ^)ei9i ^ = 1 + (^ - ^ ^)eigi. 

Hence, the quadratic relation does not change under the new presentation. 

Using the new presentation, we can now define a specialized trace tTd,D{q,z) on Yd,n{q) with 
parameter z. We have trd,D{q, z) = tid^niq, z) if and only if z = i^d,D{9^ ) = ^ ~ {q ~ q~^)ED- 
It is now easily seen that calculating the trace of a word a under the new presentation (in 
variables {q,z)) corresponds to calculating the trace of the word a* with the original presentation 
(in variables {q,z)), since the two traces will be the same polynomials (in different variables). We 
deduce that 


tTd,D{q,z)ia*) =trd,D{q,z){a) =trd,D {q ^,z-{q-q ^)En) {a). 
Applying the transformations q i—)• q~^ and z (z — {q — q~^)ED) on Xjj, we obtain: 
z- {q- q~^)ED z-{q- q~^)ED - {q~^ - q)ED z 


z z-{q-q ^)Ed 

which proves the result for the variables (g, A^;). 


z - {q - q-^)ED 


= X 


-1 
D > 


□ 


4. Link invariants from the Yokonuma-Hecke algebras 

Given a solution Xd ■= (xi,... ,Xrf_i) of the E-system, then from trd^D invariants for various 
types of knots and links, such as framed, classical and singular, have been constructed in [JuLa2, 
JuLa3, JuLa4]. We shall now adapt the definition of these invariants in view of the new presentation 
of Yd^niq) used in this paper. Then we shall define an invariant for transverse knots. 


4.1. Framed links. Let Cj denote the set of oriented framed links. We set: 


(4.1) 


Ad := 


1 

zVXd 


From the above and re-scaling ai to '/X^qi, so that tid,D{9n^) = ^dz, we have the following 
Theorem, which is analogous to [JuLa2, Theorem 8 ]: 


Theorem 4.2. Given a solution of the E-system, for any framed braid ol G En we define for 
the framed link a G Cf. 

^d,D{oi) = A^ ^(V^Ad)*^^”^ (trrf^D o 7) («) 

where 7 : CTA —> Yd,n{q) is the natural algebra homomorphism defined via: ai 1 —)• gi and tj i-A 
^s(modd)^ and e(a) is the algebraic sum of the exponents of the a^ ’s in a. Then the map ^d,D{q-, z) 
is a 2-variable isotopy invariant of oriented framed links. 


Proposition 4.3. The invariant ^d,D satisfies the following skein relation: 


1 


^d,D{L+) - ^/XD^d,D{L-) 



d-l 


^d,D{Ls), 

s=0 


where the links L_|_, L_ and Lg are closures of the framed braids illustrated in Figure 1. 
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L+ = /3cti L_ = is = 


Figure 1. The framed links in the skein relation in open braid form. 


Proof. The proof is after Jones’ method [Jo]. Namely, by the Alexander theorem for framed links 
we may assume that L_|_ is in braided form and that L_|_ = /Jfjj for some /3 G J^n and for some i. 
Then: 

L_ = Pa~^,Ls = (s = 0,... , d - 1). 

We now apply relation (1.5). Since e(/3cj“^) = e(/3) — 1, e{fiai) = e{l3) + 1, = e(/3), we 

obtain: 


^d,D{L-) =A2) ^\/Ad 

=AJ-‘vW'” 


.-1 


(1:3) 1 

— 


■dd)+i 


trrf,D(/35i) - ^ ^ trri^j)(/3eJ 


\/Ad 




Ad 




□ 


Remark 4.4. Note that, for every d G N, we have 2'’* — 1 distinct solutions of the E-system, so the 
above construction yields 2^^ — 1 isotopy invariants for framed links. 

Remark 4.5. The behaviour of the trace tr^ ^) under inversion, split links and connected sums 
(when = 1 and x^ = x^ for all /c = 1,..., d — 1) carries through to the invariants ^d,D- Especially 
about split links, we have the following multiplicative property of the invariants ^d,D, which was 
already known for the Homflypt polynomial. 

Proposition 4.6. Let L = Li U ... \J Lm be a split link, where Li,... , Lm are links. Then: 

^d,D{L) = Aff .. .^d,D{Lm)- 

Proof. Since L = Li U ... U Lm, it can be written in braid form as oi... am, where Si = Li, for 
z = 1,..., m as in Proposition 3.3. Suppose that each a* has S strands, so that + ... + im = n. 
By Proposition 3.3 we have that: 

^d,D(A) = A2 )“^\/Ad ^ Vd,D(ai ■ ■ ■ am) = ^r^,^(ai)... tr^,^(am) 

= Aff ^^d,D{Li) . . .^d,D{Lm), 

which proves the result. □ 
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4.2. Classical links. Let C denote the set of oriented classical links. The classical braid group Bn 
injects into the framed braid group J-n, whereby elements in Bn are viewed as framed braids with 
all framings zero. So, by the classical Markov braid equivalence, comprising conjugation in the 
groups Bn and positive and negative stabilizations and destabilizations, and by the construction 
and notations above, we obtain isotopy invariants for oriented classical knots and links, where the 
tj’s are treated as formal generators. These invariants of classical links, which are analogous to 
those defined in [JuLa3] where the old presentation for the Yokonuma-Hecke algebra is used, are 
denoted as &d,D and the restriction of 7 : CTn — > d,n{<l) on CBn is denoted as 5. Namely, 

&d,D{a) ■= ^(-\/Ad)''^“^ (tr^^D o 

The invariants Qd,DiQ: z) need to be compared with known invariants of classical links, especially 
with the Homflypt polynomial. The Homflypt polynomial P{q, z) is a 2-variable isotopy invariant 
of oriented classical links that was constructed from the Iwahori-Hecke algebras H„(g) and the 
Ocneanu trace r after re-scaling and normalizing r [Jo]. In this paper we define P via the invariants 
since for d = 1 the algebras H„(g) and Yi_„(g) coincide and the traces r, tiq and tr^ { 0 } also 
coincide. Namely, we define: 

P{a) = 0i,{o}(a) = j o («) 

where Ah := ^ —- = A|o}- Further, recall that the Homflypt polynomial satisfies the following 

skein relation [Jo]: 

^ P(L+) - P(L_) = {q- q-^) P{L^) 

where L+,L_,Lo is a Conway triple. 

Contrary to the case of framed links, the skein relation of the invariants ^d,D{q, z) has no topo¬ 
logical interpretation in the case of classical links, since it introduces framings. This makes it very 
difficult to compare the invariants Qd,D{q,z) with the Homflypt polynomial using diagrammatic 
methods. On the algebraic level, there are no algebra homomorphisms connecting the algebras and 
the traces [ChLa]. Consequently, in [ChLa] it is shown that for generic values of the parameters q, z 
the invariants Qd,D{q^^) do not coincide with the Homflypt polynomial. They only coincide in the 
trivial cases where q = PI or ixdi&i) = 1- The last case implies that the solution of the E-system 
comprises the d-th roots of unity. 

Yet, our computational data below indicate that these invariants do not distinguish more or 
less knot pairs than the Homflypt polynomial. So, the invariants 0d,z)(g, 2 ) need to be further 
investigated, as they may be topologically equivalent to the Homflypt polynomial P{q,z). 

Remark 4.7. The behaviour of the traces tr^ ^) under inversion, split links, connected sums and 
mirror imaging carries through to the invariants Qd,D- Especially about mirror images, we have 
the following mirroring property of the invariants Qd,Dj which is already known to be valid for the 
Homflypt polynomial. 

Proposition 4.8. Given a solution Xq of the Fi-system, for any braid a £ Bn, we have 

Qd,D{q, z){a*) = ed,D {q~^,z -{q- q~^)ED) (S), 
or, equivalently, in a way analogous to the Homflypt polynomial, 

&d,D{q, = Qd,D (d). 

Proof. It is easy to check that the quantity A^) is invariant under the transformation 

q I—> q~^ and Xd Xd~^- 
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Now, for any a G Bn, we have e{a*) = —e(Q:), and so, 

Qd,DiQ, Az))(q;*) = ^^d,D{Q, ^D){oi*) 

= Ad“^ (\/J) (“) = ®d,D (g"\ (S), 

where for the last equality we used Proposition 3.8. □ 

4.3. Singular links. Let Cs denote the set of oriented singular links. Oriented singular links are 
represented by singular braids, which form the singular braid monoids SBn [Ba, Bi, Sm]. The 
singular braid monoid SBn is generated by the classical braiding generators CTj with their inverses, 
together with the elementary singular braids Tj, which are not invertible. In [JuLa4] a monoid 
homomorphism was constructed. Here we give another one adapted to the new quadratic relation, 
namely: 

rj : SBn —^ YdA^) 

(4.9) (Ti !-;■ gi 

Ti 1-^ Cj 

Using now the singular braid equivalence [Ge], the map rj and the specialized trace we 

obtain isotopy invariants for oriented singular links, analogous to the ones constructed in [JuLa4, 
Theorem 3.6], as follows: 

Theorem 4.10. For any singular braid a G SBn, we define 

^d,D(a) := (trd,D o h) («) , 

where Afl,A£) are as defined in (3.7) and (4.1), g is as defined in (4.9) and e{a) is the sum of the 
exponents of the generators Oi and Ti in the word a. Then the map 

'^d,D{q, z) : Cs ^ TZd, L !-)• ^d,D{L) 
is a 2-variable isotopy invariant of oriented singular links. 

Moreover, in the image g{SBn), we have 
(4.11) gt - gf^ = {q- q~^)ei for alH = 1,..., n - 1, 

which gives rise to the following skein relation (compare with [JuLa4]): 

^d,D{L+) - \/Ad '^d,D{L-) = ^ '^d,D{Lx ) 

where L_|_, L_ and are diagrams of three oriented singular links which are identical except for 
one crossing, where they are as in Figure 4.3. 



A+ L_ Lx 

Figure 2. The singular links L_|_, L_ and Lx- 

Remark 4.12. The behaviour of the traces tTd,D under inversion, split links, connected sums and 
mirror imaging carries through to the invariants ^d,D- 
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Remark 4.13. The invariants defined in [JuLa2, JuLa3, JuLa4] for framed, classical and singular 
links respectively, were derived from the old presentation of the Yokonuma-^Hecke algebras yd,n(u) 

. These invariants are not necessarily topologically equivalent to the invariants ^d,Dj &d,D a-nd 
defined above. See further [ChlJuKaLa]. 

4.4. Transverse links. Another class of links which is naturally related to the Yokonuma-Hecke 
algebras is the class of transverse links. A transverse knot is represented by a smooth closed spacial 
curve which is nowhere tangent to planes of a special field of planes in called standard contact 
structure (for the precise definition, see [FuTa]). Transverse links are naturally framed and oriented. 
Transverse equivalence of links consists of isotopy in the class of transverse links. More precisely, a 
topological type of framed links is called transversely simple if any two transverse links within the 
type are transverse equivalent to each other. Not every topological type is simple; it may consist 
of several different transverse types. So, two links that are classically isotopic may be transversely 
non-equivalent (see examples in the next section). The problem is to find transverse invariants for 
such links. 

In 1983, D. Bennequin [Be] noted that the closed braid presentation of knots is convenient for 
describing transverse knots with the blackboard framing. For a link L represented as a closed braid 
a with n strands, one can check that the self-linking number is equal to sl(L) = e(a) — n, where 
e(a) is the sum of the exponents of the braiding generators ai in the word a G Bn [Be]. So, a 
transverse knot K represented by the closure of a braid a G Bn defines naturally an element of 
the framed braid group a' := G Bn- Equivalently, we can write a' = t^ ...tl^a, where 

ri • • • + = sl{K). This generalizes to transverse links in the obvious manner (adding the 

exponents that correspond to a specific component gives the self-linking of that component). 

Further, S. Orevkov and V. Shevchishin [OrSh] and independently N. Wrinkle [Wr] gave a trans¬ 
verse analogue of the Markov Theorem, comprising conjugation in the braid groups and only positive 
stabilizations and destabilizations: a ~ a an, where a G Bn- 

Now, rule (3) of the definition of the trace tr^ (Theorem 2.1) tells us that tr(i respects positive 
stabilizations. Let L be a transverse link represented by the closure S of a braid a G Bn, giving 
rise to the framed braid a' = t^ ... a £ Bn- We define 

Md{a) := -^^tidia). 

Theorem 4.14. Let Cj- denote the set of transverse links. The map 

Md{q,z,xi,...,Xd-i) :Cr^C[z^\ L Md{L) 
is a {d+ l)-variable isotopy invariant of oriented transverse links. 

Proof. By construction, Md is invariant under conjugation. We will show that Md is invariant 
under positive stabilization and destabilization, that is, Md{a) = Md{aOn) for any a G Bn, n G N. 
We have: 

_ 1 1 

Mdiaun) = —ivd{aan) = —ztrdia) = Md{a). 

ZU 

□ 

Remark 4.15. Due to the absence of the negative stabilization in the definition of Md, the links aon 

and aaT^ need not take the same value of the invariants. Hence, the re-scaling map a^ i—?■ y/Xodi is 
not needed any more and by consequence a quantity analogous to Ad is not introduced. However, 
if we make such a rescaling and specialize (xi,..., Xd-i) to the solution = (xi,..., Xd_i) of the 
E-system, then the corresponding invariant of transverse links would coincide with the invariants 
^d,D{q, z) of oriented framed links from Theorem 4.2. 
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Remark 4.16. The behaviour of the traces ti’j^ under inversion and split links carries through to 
the invariants M^. 

5. Enabling computations for the Yokonuma-Hecke algebras 

Due to the complicated quadratic relations of the Yokonuma-Hecke algebras, calculations of 
interesting examples are very difficult without the use of the computer. M. Chmutov created a 
program in Maple and K. Karvounis created a program in for computing the trace tr^ and 
the invariants ^d,D (and consequently also the invariants &d,D)- The two programs were compared 
and they are available on: 

http://www.math.ntua.gr/~sofia/yokonuma 

5.1. Description of the algorithm. The algorithm nsed in both programs is based on recursive 
applications of the quadratic relation (1.4) of the Yokonuma-Hecke algebras. Assume that we want 
to calcnlate the trace tr^ of an element a G J^n- First, all negative exponents of the braiding 
generators are eliminated through the inverse relation (1.5). This produces a C-linear combination 
of new framed braid words with only positive exponents. Applying successively the quadratic 
relation on these words leads to a C-linear combination of words not containing any braiding 
generator with exponent other than 1. Then, by successive applications of the framing relations (fi) 
and (f 2 ), all these words are reduced to their split form. If more squares of the braiding generators 
appear in the process, we apply again the quadratic relation. We repeat the above procedure until 
a is expressed as a C-linear combination of framed braid words (equivalently, algebra monomials 
in Yd^niQ)) which are in their split form and do not contain any braiding generator with exponent 
other than 1. 

Next, by applying the braid relations (bi) and (b 2 ), especially (bi) and its more general form 

— l — ^j — j — ^ ■ ■ ■ ^ ^ J? 

and breaking any squares that appear in the process with the use of the quadratic relation, a is 
eventnally expressed as a C-linear combination of algebra monomials in Yd,nig) of the form: 

where ki,... ,kn £ ip ip+i and fl'max{n,...,*r} appears only once. Set I := max{ii,..., ir}- For 
all j = 1,..., n, let kj denote kj (modd). Set J := max{l ^ j ^ n\kj ^ 0}. Note that we have 

tvditi" ... ■ ■ ■ 9ir) = trd(t^ ... t^fgn ■ ■ ■ 9ir)- 

Then one of the following three cases occurs: 

• J > / -I- 1. In this case, rule (4) of tr^ can be applied: 

tvd{t\^ ... J = tTd{t\^ ■ ■ ■ ijiYdii • • • gir)- 

• J < I + \. In this case, rule (3) of tr^ can be applied: 

tvdit^^... ...gi... gi,) = z trd{ti^ ■ ■ ■ tj^gii ■ ■ ■ gi ■ ■ ■ gir), 

where ^ denotes the removal of gj. 

• J = / -|- I. Then tj = tj+i commutes with every braiding generator except for gj. We have: 

tvditi^ ■ ■ ■ ij+Ydn ■■■gi ■■■gir) = trd(tY ■■■t^/gii^^^ git’"/'^^ ■■■gir) 

= ztiditi^ ■ ■■t)^gh ■ ■■giA'*^ ■ ■■dir), 


where gi denotes the removal of gj. 
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Iterations of the above steps allow us to compute ■ ■ - Sir) eventually, through 

the linearity of the trace, trrf(a). 

The above algorithm has exponential complexity with respect to d due to the recursive application 
of the quadratic relation; each application of the quadratic relation produces a linear sum of d + 1 
new words. 

5.2. The case of classical links. If we restrict to the subset of classical links, it has been con¬ 
jectured by J. Juyumaya that the application of the trace tid,D on a classical braid word will not 
result in any appearance of the algebra generators tj, except through the elements e*. Thus, the 
last rule of the trace tTd,D can be replace by two other rules involving the elements Cj. This result 
has been indeed proved in [ChlJuKaLa]. Consequently, a computer program similar to the above 
has been developed in [Ka] for computing the invariants Qd,D treating the Cj’s as formal elements; 
hence in every application of the quadratic relation we obtain only two new words, which reduces 
greatly the computational complexity (see [Ka] for details). This program is also available on 
http://www.math.ntua.gr/~sofia/yokonuma. 


6. Results on transverse knots 


6.1. Computational results. Our original hope was that the isotopy invariants M^, defined in 
§4.4, would distinguish the transverse knots of the same topological type and with the same Ben- 
nequin numbers [Be]. However, our computer experiments show that the invariants Md do not 
distinguish the simplest examples (which are so complicated that the direct computation by hand 
is impossible) from the infinite series introduced by Birman-Menasco [BiMe]: 

^ 2 a+i^ 2 b^ 2 c^-i ^ 2 a+i^-i^ 2 c^ 2 fe a, 6, c > 1 and a + 1 ^ b ^ c. 


Then, using the inversion property (Proposition 3.1), we managed to give a theoretical confirma¬ 
tion of our observation not only for the simplest examples but also for the two infinite series of 
transversely non-simple knots, the one above and the one by Khandhawit-Ng [KhNg]: 


(T3Cr2 


- 2 ^ 2 a -|-2 


a. 


(T 2 <T 3 


- 1^-1 2 ^ 26+1 


(J ^ (T9 (J 


2^1 


and 


fJ3(T2 


-2 2 a -|-2 


(T: 


(T 2 CT 3 


-1^2b-|-1^2^-l 


a 




for a, 6 ^ 0, 


starting with the knot IO 132 with a = b = 0. 

We also computed some invariants Md for the following 13 knots [ChNg], three of which ( 712 ( 945 ), 
10 i 28 j IO 160 ) were only conjectured to be transversely non-simple: 


772(72), 712 ( 76 ), 944,772(945), 948 , 10 l 28 ,712(10132), IO136, 772 ( 10 l 4 o), 712 ( 10 l 45 ), IO160, 772 ( 10 l 61 ), 1272591 , 

where m[K) stands for the mirror image of K. The three knots of particular interest for being 
transverse non-equivalent have the following braid presentations [Ng]: 

772 ( 945 ) : a 2 (Ti(T^(T 2 ^a^aia 2 and <T|iTi(T 3 cr^^cr 3 CJifT 2 <T§"^ , s/ = 1 ; 

10l28 • f 7 if 72 Cri(T 2 (Tl(T 2 (Tlf 7 |(T 2 (T 3 ^ and (T3 ^(T 20 '|(Tl(T 2 ( 7 i(T 2 (TllT 2 (Tl , sl = 6 ] 
IO16O : T^V3fT^Vj”V3(T2CT3(T2<T3fjf and <74fJ3(T2fT3fT2(T3fjj”V3(T^^ , sl = 1 . 

Our computations were disappointing, and the explanation for this lies in the following. 


6.2. Trace invariants and Vassiliev invariants. Any quantum knot invariant can be expressed 
in terms of Vassiliev invariants in a standard way (see, for example, [Bi] or [CDM]). We show that 
the trace invariant Md can be similarly expressed in terms of Vassiliev invariants. 

Let u be a transverse knot invariant taking values in an abelian group. We can define its extension 
to singular knots with finitely many double points recursively, setting v{Lx) ■= v{L^) — u(L_) for 
the triple of knots in Figure 4.3. An invariant v is called a Vassiliev invariant of order ^ 72 if its 
extension vanishes on all singular knots with more than 72 double points. 
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Proposition 6.1. Let us make a substitution q = e^ into the invariant Md{q, z,xi,..., Xd-i) and 
consider the Taylor expansion in the power series in h. For every n G N, the coefficient of is a 
Vassiliev invariant of order ^ n. 

Proof. According to Equation 4.11, the difference of values of Md{e^, z,xi, ...Xd-i) on two knots 
L_|_ and L_ is divisible by g — q~^ = e^ — e~^ = 2h + (higher powers of h). Thus, the value of the 
extension on a knot with a singular point is divisible by h. Now, if there is another double point 
far away from the first one, then the value of the extension will be divisible by another h, so it 
will be divisible by h?. Similarly, each additional double point contributes an extra h in the result. 
Finally, for a knot with n + 1 double points, the value of the invariant will be divisible by h'^^^. 
Therefore, all coefficients up to order n will vanish on such a knot. □ 

The above proposition implies that the invariant Md{e^, z,xi,... ,Xd-i) of transverse knots is 
covered by an (infinite) sequence of Vassiliev invariants. However, the Fuchs-Tabachnikov theorem 
[FuTa, Theorem 5.6] claims that any transverse Vassiliev invariant turns out to be topological 
Vassiliev invariant of framed knots. 

Similarly, with appropriate rescaling as in Remark 4.15 and specializing {xi, ... ,Xd-i) to the 
solution Xu = (xi,... ,Xd-i) of the E-system, we can express the invariant ^d,D of singular links 
from Theorem 4.10 as an infinite sequence of Vassiliev invariants. Thus, because of the Fuchs- 
Tabachnikov theorem, ^d,D does not distinguish singular transverse knots of the same topological 
type and with the same Bennequin numbers. 

7. Comparing the invariants Qd,D for classical knots and links 

WITH THE HOMFLYPT POLYNOMIAL 

This section contains a conjecture about the invariants Qd,D on knots and computational evidence 
supporting this conjecture. 

7.1. Computations and supporting data. We computed the Yokonuma-Hecke invariants Qd,D 
for various solutions of the E-system for about 200 pairs of non-equivalent alternating knots and 
non-alternating knots and links having the same Homflypt polynomial. 

Among all knots with up to 12 crossings, there are 283 pairs or groups of knots whose members 
share the same Homflypt polynomial or one member and the mirror image of another. Their list, 
compiled by using the program LinKnot [JaSa], is available in Table 3 in Appendix A. 

Among all links with up to 12 crossings there are 130 pairs or groups of links whose members (or 
one member with the mirror image of the other) have the same Homflypt polynomial. Since there 
is no universally accepted notation for links with more than 11 crossings, we give in Table 1 bekiw 
only the list of links with up to 11 crossings. The complete list of links with up to 12 crossings can 
be compiled by using the program LinKnot [JaSa], given in Conway notation, braid notation, or 
by their DT codes. 


9^0,^10^42 

9^4,Lllnl86 

Lllal3,Llla323 

L10n79,L10n95 

Llln320,Llln329 

Lllol49,Lllal95 

Lllal84,Llla207 

Lllal72,Llla377 

Lllal73,Llla382 


Table 1. Pairs of links with the same Homflypt polynomial 

As we shall state next, the invariants Qd,D agree on all knot pairs or groups sharing the same 
Homflypt polynomial. From our computations it is not possible to draw a definite conclusion about 
the behaviour of the invariants Qd,D on all mentioned link pairs of Table 1. 
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7.2. The invariants Qd,D for classical knots and the Homflypt polynomial. While trying 
to compare computationally the invariants @d,D{Q,z) with the Homflypt polynomial P{q,z), we 
noticed that the values of the invariants on knots (links with only one component) were connected 
in the following way: 


Theorem 7.1. Given a solution Xd of the P-system, for any braid a G Bn such that a is a knot, 
we have 

Qd,D{q,z){a) = ei^{o}{q,z/ED){a) = P{q,z/ED){a). 

We have confirmed Theorem 7.1 on several knots from the table of knots as well as on knots 
from specific families from Table 2 below. Theorem 7.1 is proved in the sequel paper [ChlJuKaLa]. 

Remark 7.2. The transformation z z/Ejo corresponds to the transformation Ah for the 

Homflypt polynomial at variables {q, Ah). Hence, we have equivalently that Qd,DiQ, ^d) = P{q, ^d), 
where the variable Ah of the Homflypt polynomial has been substituted with the variable Xd- 
Consequently, due to Theorem 7.1 and the above equality, Ed does not appear in the values of the 
invariants Qd,D at variables (<?, Ad) when computed on knots. 


7.3. The invariants &d,D for classical links. It does not seem, however, that a similar result 
holds for links. For Theorem 7.1 to hold for links, it must be that tid^Dio) = Ef^^T{a), for some 
braid a. Although, for example, for the link a‘f^ we have: 


^2/c _ ^—2k 

~ Ed H-—- —z + 

q + q-^ 


/g2fe-l _^^-(2 fc-l)\ 

\ q + q-^ ) 


r{<yf) = 


q 


2k 


q z 


q + q ^ Ed 

where we consider the Ocneanu trace r at variable z/Ed- Hence: 

iTd,D{^f) = ^-ED+EDT{af), 


+ 


^2k-l _|_ ^-(2fc-l) ' 

q + q-^ 


and by consequence: 

Further, we also computed the invariants Qd,D on families of links from Table 2 below and we 
arrived at the same conclusion. Namely, there was no visible pattern relating the invariants Qd,D 
with the Homflypt polynomial. 


Braids 

Knots 

Links 

P 

p -1 -1 -1 

'^1*^2 *^2 

p —1 —1 

CJ 1 CJ 2 CrilT2 

2p —1 

O'l 0'2Cr^ £72 

al^a2afa2 

p = 1 mod 2 
p = 1 mod 2 
p = 1 mod 2 

p = 0 mod 2 
p = 0 mod 2 
p = 0 mod 2 
Vp 

Vp 

Vp 

Vp 

(one link) 


Table 2. Families of knots and links 

In the sequel paper [ChlJuKaLa], we provide a concrete formula for relating the invariants Qd,D 
on links with the Homflypt polynomial. Further, we are able to show that the invariants Qd,D 
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distinguish six pairs of Homflypt-equivalent links (one of them is the fourth in Table 1) and we give 
a diagrammatic proof for one pair. 
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Appendix A. Table of Homflypt equivalent knots 


IO 132 ,5i 

62 ,7(:i2n25 

AII 77 I 57 , A1277482 

73 ,74'1277523 

7i, /C12n749 

K1177132, 7Clln50, 7C12n414 

AII 77 I 27 , AII 7722 

A12nl0, A12n7 

Xllnl28. K12nl42 

10l56,8 i6 

74:ilal38, Alla285 

1033 ,K 12 n 278 

K12n367, K12n745 

7s:127i 145, 7sri2n838 

74 : 1277400 , A1277450 

IO 105 , A127717, A12n584 

Xllnl38, Klln79 

1023.K12ri607 

IO 129 , Ss 

AII 772 O, 74:1277322 

IO 95 , K12n595 

K117717, 7^12nl46 

98, -R'12n65 

A12n335, A12n710 

KllalOA, ^110168 

7^1277421, 7^12n422 

74:1277180, A12r7633 

74:1271429, A12n520 

Klln63, K12n564 

IO 39 ,7^1277215 

1093 .K 12 n 277 

74 : 117735 , Alln43 

K12n222, K12n38 

7^117171, 7Cll7i75 

74 : 1277130 , A127785 

10 i 55 ,-Klln 37 

K12nl23, K12nl28 

82 ,7^1277340 

74 : 117710 , AII 77 I 44 

A1277126, A12n99 

KllnAO, KllnAG 

7^117711, 7sril77ll2 

74:117756, 74'll7758, 74'1277449 

74 : 117751 , 74'1277218, A12n54 

10 i 4 i, ^'12n438 

7s:ilo282, Ti'llaSl 

74 : 1177172 , 74 : 1277312 , 74'1277397 

IO 116 ,74:i27i424 

is:i2n553, K12n556 

7^117755, 7sri27i315 

74 : 127720 , 74:1277634 

Alln21, Alln4, 74:127724 

iC12nl4, 7i'12n298 

7sril7726, 7sri27797 

IO 18 , A12r7561 

A1271420, A12n636 

1088. K12n586 

K1277300, 7^1277463 

IO 38 . K12n343 

IO 28 , ^1277342 

iC12n201, K12n551 

7^120154, 7^12al62 

A12a397, A12a83 

1083, 74'1277317, 74:127i511, 74:1277588 

X12n606, i^l2n685 

7C12a401, 74:i2a81 

74 : 1277209 , A12r7213 

74'llol85, Alla265 

X12n320, K12n334: 

1092.-fS'12Tl515 

A1277133, A127788 

IO 27 , 74 : 1277471 , 74^1277645 

K12nl97, K12n687 

7s:ilol83, 7^11041 

IO 117 , A1277415 

A12n540, A12n727 

K12n360, K12n880 

TCllall, 7srilal67 

74:1277486, A1277718 

74:i2n489, A12n746 

Kllal92, Klla299 

1084 ,7^1277330 

A12al02, A12al07 

74:i2o707, A12a935 

K12al08, K 12 al 20 

7C12al34, 7sri2ol88 

74 : 1277417 , A1277694 

74:1277136, A12n91 

K12a330, K12a619 

IO 35 , K12n48 

A12a403, A12a625 

74:i2ol40, A12a585 

Klla272, Klla30 

7^12al80, 7^12a560 

74:i2a338, A12a783 

74:12o 307, A12a781 

K12a28, K12a799 

7^1277223, 7^127755 

A127721, A127729 

A1277224, A12n62, A12n66 

K12n252, K12n262 

7C1277255, 7C1277263 

74'1277l61, A127736 

74 :i 2 nl 44 , A12n507 

K12n288, K12n501 

7^1277131, 74:127786 

74:127726, A127732 

Alla248, Alla71 

iC12n348, X12n70 

74 : 12773 , 74:127769 

74 : 1277434 , A1277616 

74:i2o514, A12o849 

A:i2a513,7^120989 

74:i2a232, 7^12o322 

74:i2o275, A12a624 

74:i2o458, A12a887 

7s:i2a310, K12a388 

74'12a705, 7^12a893 

74:i2a765, A12a961 

74:i2o510, A12a821 

/^12al086, fC12o945 

74'll7773, 7^117774 

74 : 1277225 , A127763 

74:ilnl51, Allnl52 

i^l2al023, K12a926 

74 : 1277132 , 74:127787 

74 : 117739 , 74'll7745, 74'1277257 

A12al071, 74 : 1201175 , 74'12o734 

X12nl55, K12n677 

74'll7734, 7^117742 

74 : 1277221 , A127756, 74:127757 

74:i2n256, A12n264 

X12n208, K 12 n 212 

IO 52 , 74:1277241 

A1277231, A1277232 

74:i2n210, A12n214 

isri2n364, 74:i2n365 

IO 54 , 74:1277154 

1057 ,K 12 n 678 

1022,K12n817 

iC12n319, 74:i2n470 

74 : 1277194 , 74:1277734 

74 : 1201173 , A12a546 

74:i2n378, A12n819 

IO 103 . 1040.-K12n412 

74:127728, 74:127734 

A1277380, A1277440 

74:i2nl24, A12nl29 

ft:i2n512, fC12n80 

74'127723, 74:127731 

lOiii, A 1277112 

A12nl59, A12n469 

iC12n565, K12n737 

74:ilal, 74:ilal49 

IO 25 ,IO 56 

1086 , ^12n541 

i\ri2n532, 74:i2n760 

IO 102 , 74:1277447 

A1277147, 74 : 1277413 , 74:1277597 

A12n339, A12n741 

i^l2al270, K12a588 

74 : 1277117 , 74:1277796 

74:i2all4, A12all7 

A12a44, A12a64 

iCllalie, i<'llo 2 

IO 72 , 74:127794 

A12o385, A12a751 

74 : 1201172 , A12al268 

isri2n604, 7i'12n666 

74:ilal86, 74:ila241 

74:i2a327, A12a677 

74:i2n344, A12n684 

A:i2alll, K12a91 

74 : 1277125 , 74:127798 

74:i2a778, A12a992 

74:i2o273, A12a890 

A:ilal96,7^110216 

IO 106 , K12n369 

74'12o215, A12a280 

A12a352, 74:i2o59, 74:i2a63 

7Clla252, 74:ila254 

74:i2al3, 74:i2al5 

74:ilal60, Alla289, 74:ila76 

10 ioo,K 12 nl 88 

7Clla251,7^110253 

74:i2ol64, 74:i2ol66 

A1277113, A1277466 

74 : 117741 , 74 : 117747 , 74:1277326 

7^12a284, 74:i2a673 

74'12a226, 74:i2a638 

74:i2a325, A12a711 

74:i2n618, A12n776 

7^12a328,7^12a630 

74:i2al076, 74:i2a209 

74:12o 184, A12a333, 74:i2a662 

A12a48, A12a60 

74:i2a606, 7s:i2a715 

74'12a658, 74:i2a729 

74:i2al032, A12a761 

74:i2n693, A12n696 

7^110255,7^11079 

IO 94 , 74:1277787 

A12ol4, A12a417, 74:i2o7 

74:117736, Alln44 

7s:ila33, 7^11082 

74:i2o323, 74:i2o452 

Alla24, 74:ila26, 74'llo315 

A12al57, 74:i2o30, 74:i2o33 

7C12a416,7^12a71 

74:i2al096, 74:i2a402 

A1277135, A1277416, 74:127790 

74:1277138, A12r793 

TiTllaig, 7^11025 

IO 109 , K12n695 

74:ila316, Alla35 

AI 20 IOI, A12all5 

7Clla231,7^11a57 

74:i2al36, 74:i2a67 

74 : 1277173 , A12r727, 74^127733 

74 : 1277134 , A12n89 

X12n207, 7^1271228 

K1277670, 74:1277681 

A1277229. A12n67 

74 : 1277137 , A12n92 

7s:i2all3, 7^12a29 

A'll7776, 74:117778 

74:i2n671, A 12 r 7682 

74 : 1277220 , A12n59 

7Clla44, 7i'lla47 

A1277691, 74:1277692 

74:i2n244, A12n338 

74 : 120811 , A12a817 

7s:i2a240, 74:i2a671 

A12o701, 74:i2a987 

74:i2o527, A12a958 

74:i2ol083, A12a646 

7C12a599,7^12a956 

A12a587, 74:i2a977 

A12a343, 74:i2a5 

74:i2ol24, A12a384 

7C12al09,7^12a437 

A12al094, A12a306 

74 : 120212 , A12a882 

74 : 120210 , A12a623 

7s:i2a727, 7^12a947 

A12al087, A12a456 

74:i2oll04, A12a478 

74:i2o844, A12a846 

7^12n22, 7^127130 

AI 277 I 22 , 74:1277127 

74 : 120112 , A12a305 

74:i2ol31, 74 : 120133 , A12a324, A12a933 

7s:i2al73, 7^12a258 

A12a24, 74:i2a299 

74^120427, A12a435, K12a990 

74:i2ol26, 74 : 120132 , A12a341, A12a627 

7C12al013,7^1201176 

A12al226, A12a916 

74'12oll85, 74:i2a656, 74:i2o908 

74:i2ol047, 74'12ol203, 74:i2al246 

7s:i2n206, 7^1271227 

A1277205, 74:1277226 

74:1277261, A12r764 

A12a45, A12a65 

7s:i2al95, 7^120693 

A12al67, 74:i2a692 

74 : 1277219 , A12r760, 74^127761 

74:12o116, 74 : 120122 , 74:12o182 

7C12a36,7^120694 

74:i2o639, 74:i2a680 

74:i2all36, A12al224 

74:12o 675, A12a688 

7s:i2alll6, 7^12a41 

A12all74, A12a837 

74:i2o830, A12a831 

74:i2o829, A12a832 

7s:i2a511, 7^120988 

A12o274, 74:i2o533 

74:i2o390, A12a672 

74'12o526, 74:12 o 598, A12o954 

7C12a746, 7i'12a966 

A12al201, A12a523 

74:i2ol052, A12all82 



Table 3. Groups of knots up to 12 crossings with the same Homflypt polynomial 
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